In this paper, we study the logarithmic terms in the partition functions of CFTs with boundaries (BCFTs). In three dimensions, their coefficients give the boundary central charges, which are conjectured to be monotonically decreasing functions under the RG flows. We present a few supporting evidences from field theory calculations. In two dimensions, we give a holographic construction (AdS/BCFT) for an arbitrary shape of boundary and calculate its logarithmic term as well as boundary energy momentum tensors, confirming its consistency with the Weyl anomaly. Moreover, we give perturbative solutions of gravity duals for the three dimensional BCFTs with any shapes of boundaries. We find that the standard Fefferman-Graham expansion breaks down for generic choices of BCFT boundaries. 
Introduction
The AdS/CFT correspondence [1, 2] offers us a non-perturbative framework which relates gravity theories to conformal field theories (CFTs) in remarkable ways. Usually, the AdS/CFT is considered for a CFT defined on a manifold without any boundaries. However, the properties of quantum field theories with boundaries are also very intriguing. They are sensitive to their boundary conditions and thus a large variety of possible theories are possible. Also in condensed matter physics, field theories with boundaries appear in important systems such as the quantum Hall effects or topological insulators.
Recently, an extension of AdS/CFT to the cases where the CFT is defined on a manifold with boundaries (AdS/BCFT) has been proposed in [3] . In specific examples, the same construction has been already mentioned in [4] . In the paper [5] , the partition functions in AdS/BCFT have been computed and a holographic proof for the g-theorem [6, 7] has been given with a proposal of its higher dimensional generalization. A string theory embedding of the AdS/BCFT was also given in [5] . The AdS/BCFT has been analyzed in a three dimensional gravity with higher curvatures in [8] .
In [9] , the AdS/BCFT is employed for a holographic construction of the quantum Hall effect and its edges states. See also [10, 11] for other developments. A short review can be found in section 4 of [12] . For other approaches to gravity duals of CFTs with boundaries, refer to [13, 14, 15, 16] .
The purpose of this paper is to explore the construction and properties of AdS/BCFT. We especially focus on the logarithmically divergent terms in the Euclidean partition function of BCFTs.
In even dimensional BCFTs, the coefficients of the log terms are related to the Weyl anomaly and thus the central charges. In odd dimensions, on the other hand, these coefficients lead to new quantities called boundary central charges c bdy . The logarithmic term in AdS 4 /BCFT 3 is especially intriguing. The holographic analysis in [5] shows that the corresponding boundary central charge, extended to the non-conformal theories as a c-function, gets monotonically decreased under the RG flow:
dc bdy (r) dr ≤ 0, (
where r is a length scale of the BCFT. This can be regarded as a higher dimensional analogue of the g-theorem [6, 7] . A part of main results in this paper is to give a few modest evidences for this property from quantum field theoretic calculations, based on a perturbation theory and an explicit example. Finally, we conjecture this c-theorem in arbitrary odd dimensional BCFTs.
So far, the examples of AdS/BCFT have been limited to the cases where boundaries of BCFTs are either hyperplanes or round spheres. Therefore we would like to consider the examples where the boundaries are general curved surfaces. We will show that the coefficient of the logarithmic term in the AdS 3 /BCFT 2 setup is topological (proportional to the Euler number) and thus does not change under smooth deformations of the boundaries. We will also independently confirm this by calculating the energy momentum tensor at the boundary. Moreover, we will find that in higher dimensional setups, the construction of solutions based on the standard Fefferman-Graham expansion does not work and instead we will construct perturbative solutions by using the hyperbolic foliation of the AdS space for AdS 4 /BCFT 3 .
This paper is organized as follows: In section 2, we will first give a brief overview of the AdS/BCFT construction. Later we provide a careful treatment of the new codimension two boundary term, which has been neglected previously and calculate the energy momentum tensor localized at the boundary P . In section 3, we will examine AdS duals of two dimensional BCFTs with general shape of boundaries based on the standard Fefferman-Graham expansion and calculate the logarithmic term. In section 4, we present perturbative solutions for AdS 4 /BCFT 3 with general shape of boundaries. In section 5, we argue the higher dimensional g-theorem in terms of boundary central charges and give some evidences. Only this section is purely field theoretical and does not employ the holography. In section 6, we summarize our conclusions and discuss future problems.
AdS/BCFT Formulation and Energy Momentum Tensor
Here we will first give a brief summary of the AdS/BCFT i.e. a holographic dual of CFT defined on a manifold M with a boundary ∂M (≡ P ) [3] . Later we will provide a careful treatment of the new codimension two boundary term, which has been neglected previously and we will calculate the energy momentum tensor localized at the boundary P .
The geometrical SO(d, 2) symmetry of AdS is equivalent to the conformal symmetry of the CFT.
When we put a d − 1 dimensional boundary to a d dimensional CFT such that the presence of the boundary breaks SO(2, d) into SO(2, d − 1), this is called a boundary conformal field theory (BCFT) [17] .
The construction of AdS/BCFT goes as follows 4 (refer to Fig.1 ). The holographic dual of a BCFT (boundary conformal field theory) on a d dimensional manifold M is defined as a gravity 4 One may think this construction of AdS/BCFT looks similar to the holographic entanglement entropy [18] . However, they are crucially different because of the following reasons. To calculate the holographic entanglement entropy, we pick up a codimension two minimal area surface and this exists in any asymptotically AdS backgrounds.
However, the surface Q in the AdS/BCFT is codimension one and has more constraints due to the boundary condition (2.10) and there is no solution in a genetic asymptotically AdS backgrounds. Therefore the boundary Q backreacts with the bulk spacetime and changes its metric so that the boundary condition is satisfied. Mathematically, the minimal surface condition is equivalent to the vanishing of the trace of the extrinsic curvature i.e. K = 0, while (2.10) constrains each component of K ab . Its gravity dual is denoted by N and its asymptotically AdS boundary is M . The boundary P is extended into the bulk AdS, which constitutes the boundary Q.
on a d + 1 dimensional spacetime N . N is an asymptotically AdS space and its AdS boundary coincides with M . We assume that M has a boundary ∂M and in the gravity dual, ∂M is extended
of BCFT, N should be foliated by AdS d slices. We can also generalize this construction into the non-conformal cases by relaxing the SO(2, d − 1) symmetry. This is the basic setup of AdS/BCFT.
Next we need to impose an appropriate boundary condition on Q.
Neumann Boundary Condition
In the standard AdS/CFT, we impose the Dirichlet boundary condition at the boundary of AdS and therefore we require the Dirichlet boundary condition on M . On the other hand, we impose a Neumann boundary condition on Q [3] . The reason for this is that this boundary should be dynamical from the viewpoint of holography and there is no natural definite metric on Q specified from the data in the CFT side. Also this can be naturally derived in the orientfold construction in string theory as in the example discussed in [5] .
To make the variational problem sensible, we need to add the Gibbons-Hawking boundary term [19] on the boundaries M and Q to the Einstein-Hilbert action:
The metric of N is defined by G µν , where the index µ runs the d+1 coordinates; the induced metric on Q and M are denoted by h ab and γ ij , respectively, while a and i run the d coordinates. For later convenience, we also define the induced metric on P (= ∂M = ∂Q) to be Σ αβ . We summarize these conventions in Fig.2 .
is the trace of extrinsic curvature on Q (or M ). The extrinsic curvature K ab is defined by
where n is the unit vector normal to Q and here we implicitly assume a projection onto Q from N .
For example, in the Gaussian normal coordinate system, we have the following metric
where Q is situated at η = η * and N is given by η ≤ η * . In this setup, we can explicitly calculate the extrinsic curvature as
Now let us consider the variation of metric in the above action. After a partial integration, we
Notice that the terms which involve the derivatives of δh ab and δγ ij cancel out thanks to the boundary term. It is clear that the variation on Q is vanishing if we impose either the Dirichlet boundary condition δh ab = 0 or the Neumann boundary condition
As we mentioned, we choose the Neumann condition (2.6) on Q, while we do the Dirichlet one on M .
It is also possible to add some matter fields localized on Q and consider a generalized action by adding
This modifies (2.6) into
where we defined the energy momentum tensor on Q
In this paper we only consider the case where the boundary matter lagrangian L Q is simply a
The constant T can be interpreted as the tension of the 'brane' Q. The boundary condition (2.8) for this system reads Figure 2 : A summary of notations on the manifolds and their metrics in this paper. Notice that N is the original spacetime where the gravity dual lives. M is its AdS boundary and Q is the other part of the boundary of N . P is defined by P = ∂M = ∂Q.
By taking its trace, we obtain
The Euclidean formalism of AdS/BCFT is also useful especially for the evaluations of the partition functions and we will mainly employ this formalism in the rest of this paper. In the Euclidean formulation, the gravity action (2.1) in the Lorentzian signature is now replaced by
where we added the tension T contribution on Q. Note that in the actual calculations we need to add the counter terms to (2.12) as in the standard holographic renormalization of AdS/CFT [20, 21, 22] .
Simple Examples
Here we briefly review the basic examples of AdS/BCFT, which are useful in our later arguments.
We only consider the d + 1 dimensional pure gravity theory. The first example is the BCFT on a half plane [3, 5] . The metric of AdS d+1 with the radius L can be rewritten as follows:
where x ∈ R d−1 . If we assume that η takes all values from −∞ to ∞, then (2.13) is equivalent to the AdS d+1 . To see this, define new coordinates w and ξ by
In this new coordinate system, (2.13) indeed coincides with the Poincare metric:
Note that the cosmological constant Λ is related to the AdS radius L by Λ = −
To realize a gravity dual of BCFT, we will put the boundary Q at η = η * and this means that we restrict the spacetime to the region −∞ < η < η * . The extrinsic curvature on Q reads
By imposing the boundary condition (2.10), we find the relation
In this system, the AdS boundary M is given by the half place defined by ξ ≤ 0.
We can perform the conformal transformation so that the boundary P = ∂M is mapped from the hyperplane to a round sphere [3, 5] . The holographic dual of a BCFT on a round ball with radius r B is given by the following region in the Poincare AdS d+1 (2.15);
Codimension Two Boundary Term
Moreover, strictly speaking, we need to add the boundary term on P (= ∂M = ∂Q) to the gravity action I E in (2.12). This is because Q and M are joined non-smoothly on P with cusp like singularities. In such a case, we need to add the following boundary term [23]
where 2θ is the angle between Q and M at P (the angle is measured from inside of N ). See the appendix A for an elementary derivation of (2.19). Σ αβ is the induced metric on P . In other words, if we define n M and n Q are unit normal vectors toward the outside of the gravity dual N , then we have
Therefore the correct gravity action of AdS/CFT is given by (2.12) plus (2.19) i.e.
where we also added the counter terms I (c.t.) E so that total action I (tot) E becomes finite.
Below we would like to examine how the calculations of Euclidean partition functions are affected by this codimension two boundary term (2.19). We concentrate on the example of the round disk partition function in AdS 3 /BCFT 2 . The holographic dual of a BCFT defined on a round disk with the radius r B is given by the gravity on the manifold (2.18) inside the Poincare AdS 3 . The main part I E has been already calculated in [3, 5] . In the presence of the new boundary term I (bdy) E , the final result reads
where ǫ is the UV cut off, set by z > ǫ. To make the total action I (tot) E finite, we need to add the counter terms
This leads to
Therefore, the boundary entropy S bdy , which is defined by the finite contribution to −I
in the presence of the boundary P , is given by
This is the same as the conclusion in [3, 5] , where
was not taken into account. Indeed, (2.25) agrees with another calculation of S bdy using the holographic entanglement entropy [18, 12] . Notice also that the logarithmic term in (2.24), which is proportional to the Weyl anomaly, is not affected by the new term I (bdy) E
. In section 3, we will generalize the calculation of the logarithmic term to the case where P is an arbitrary closed loop.
In this way, most of physical quantities do not change by the addition of the new boundary term I (bdy) E . However, there is at least one exception, which is the boundary energy momentum tensor, as we will discuss in the next subsection.
Holographic Boundary Energy Momentum Tensor
In the general setups of AdS/CFT, a convenient choice of coordinate is known as the FeffermanGraham coordinate and is defined by
The special case g ij = δ ij corresponds to the pure AdS d+1 and the coordinate ρ is related to w in 
ij . The energy stress tensor T ij is a useful physical quantity to characterize the property of CFTs in such general setups. It is defined by the variation of the action I CF T with respect to the metric
The holographic energy momentum tensor [21, 24, 22] is defined so that it is proportional to the derivative of the total gravity action with respect to the AdS boundary metric γ ij (called Brown-York tensor [25] ):
Moreover, we would like to point out that in the AdS/BCFT setup we can also calculate the boundary analogue of the energy momentum tensor B αβ , which has been first introduced in [26] from a field theoretic viewpoint. In BCFTs, this boundary energy momentum tensor is defined by taking the variation of the action I BCF T with respect to the metric σ αβ on ∂M
In the gravity side, we argue the following holographic formula by taking the derivative of (2.19)
We will later evaluate B (AdS) αβ explicitly in AdS 3 /BCFT 2 and confirm that it plays the crucial role on the consistency with the Weyl anomaly.
AdS /BCFT 2 with Arbitrary Boundaries and Conformal Anomaly
In previous examples, the AdS/BCFT has been constructed when the boundary ∂M of the BCFT takes special shapes such as hyperplanes or round spheres. Therefore we would like to generalize the AdS/BCFT construction and analyze the cases where ∂M take arbitrary shapes. In this section we will employ the Fefferman-Graham coordinate (2.26) and mainly focus on the AdS 3 /BCFT 2 .
In the near AdS boundary limit, we can expand [20, 22] 
The profile of the boundary Q in the AdS 3 is described by the constraint (setting x 1 = x and
which is expanded as
Einstein Equation
The Einstein equation in the d + 1 dimensional Fefferman-Graham coordinate (2.26) can be summarized as follows [20] ρ(2g
where R(g) ij is the d dimensional Ricci tensor for the metric g ij , regarding ρ as a constant.
In the d = 2 case, by expanding the Einstein equations (3.4) about the powers of ρ, we obtain h (2) ij = 0,
where R (0) ij is the Ricci tensor for g
ij . Note that g
ij is not completely fixed and this ambiguity, for example, leads to black hole solutions with various temperatures.
Boundary Condition
Next we would like to solve the boundary condition (2.10). We proceed by assuming that the boundary metric g (0) is flat
In the leading order of ρ expansion, (2.10) leads to
In the next order, we find
It may be useful to consider the solutions with the Lorentzian signature so that they describe holographic time-dependent backgrounds. For this, we can wick rotate the x coordinates as x = it.
This leads to the following solutions instead of (3.7) and (3.8):
. (3.9)
Partition Function
Now we would like to evaluate the Euclidean partition function (2.21). Since we are interested especially in the logarithmically divergent term, we need to evaluate the main part I E , which can be simplified as follows
We can expand I E with respect to ρ using the formula such as
The boundary Q is described by a closed loop described by x = x(y, ρ) and it is assumed to have two branches for a fixed y and ρ, which are denoted by x + (y, ρ) and x − (y, ρ) such that we always have x + (y, ρ) > x − (y, ρ). The region inside Q is given by x − (y, ρ) < x < x + (y, ρ). We
In the end we can evaluate the logarithmically divergent term in I E by introducing the UV cut off as ρ > ǫ 2 :
(3.12)
Notice that the last term is topological because
By extending this result to curved spaces using (3.5), we finally obtain
where where we employed the well-known relation c = 3L 2G N [27] ; χ(M ) is the Euler number of M ;
is the trace of extrinsic curvature of the curve x = x (0) (y), given by
(3.15)
In this way we nicely reproduce the logarithmic term in the BCFT partition function, which is expected from the Weyl anomaly.
Analysis of Boundary Energy Momentum Tensor
The trace of the holographic (bulk) energy momentum tensor (2.28) for the flat space BCFT (3.6) becomes trivial in our setup 17) where the term proportional to arccos T is the counter term. By using the inner product of the two unit normal vectors at the boundary P = ∂M = ∂Q:
finally we obtain
We can confirm that the total Weyl anomaly is consistent with (3.19) as follows. The variation of the gravity action is given by 20) where note that σ αβ is the same as h (0) αβ in (3.14). For the infinitesimal Weyl transformation δg ij = 2ǫg ij and δσ αβ = 2ǫσ αβ , we find
This agrees with the logarithmic term in (3.14), which satisfies 
Analysis in Higher Dimensions
One may think that we can generalize this analysis in higher dimensions d > 2 . However, this
is not the case as we will see below. For example, consider d = 3 case, where we can expand the metric as
and the Einstein equation (3.4) can be solved as
The profile of Q can be specified by
We can analyze the boundary Einstein equation order by order in the ρ expansion. The leading order relation determines x (1) . However, the second order equations lead to the constraints
This does not have any solutions 5 except when the boundary Q is given by planes or spheres, which are already known solutions as reviewed in section 2.2.
One may think that this shows that we cannot construct any gravity solutions dual a BCFT on M for generic choice of the boundary ∂M . This is clearly paradoxical because the BCFT side is well-defined for any ∂M , though the generic choice of ∂M breaks the SO(2, d − 1) boundary conformal invariance. We will resolve this puzzle in the section (4) soon later. The upshot is that the ρ expansion (3.23) breaks down at the boundary Q and that we need to employ a different coordinate system.
AdS /BCFT 3 with Arbitrary Boundaries
Consider the AdS 4 /BCFT 3 setup with the three dimensional boundary Q. We can choose the Gaussian normal coordinate (2.3), where Q is situated at η = η * and N is extended in the region −∞ < η < η * . The extrinsic curvature is given by (2.4). The (vacuum) Einstein equation is decomposed into the constraints
and evolution equations of K ab with respect to η. 5 To see this quickly, we can assume x (0) is infinitesimally small and then the linearized equations are ∂ If we consider the boundary matter field, the boundary condition takes the general form (2.8).
The constraint (4.1) is equivalent to the conservation of boundary energy-momentum tensor T Q ab
On the other hand, (4.1) can be expressed as
Thus for any matter stress tensor T Q ab which satisfies the conservation (4.2) and a constraint (4.3), we can always construct a bulk metric by (numerically) solving the Einstein equation without any obstruction.
Construction of Perturbative Solutions
We would like to construct perturbative solutions. We will set the AdS radius to be one L = 1 in this section just for the simplification. We express the metric in (2.3) as follows
choosing the coordinates (u 1 , u 2 , u 3 ) = (x, y, z). We treat δh ab as a perturbation and keep only the first order. Notice that the unperturbed four dimensional metric is the same as (2.13) and thus coincides with the pure AdS 4 (2.15) via the coordinate transformation (2.14)
. Now, what we need to do is to solve the Einstein equation with the boundary condition
as follows from (2.10). Notice that the tension is related to η * via (2.17), which is given by T = 2 tanh η * in the current setup.
The Einstein equation can be decomposed into the constraints (4.1) and the ab components of the Einstein equation
We are interested in the metric perturbations δh ab which depends on x and y. We only work on the linear order of this perturbation theory and neglect higher orders. We will perform the Fourier transformation with respect to x and y. By employing the rotation on the x − y plane, we can set the wave vector for y to be vanishing. Therefore we only consider the perturbation proportional to
Moreover, to solve the Einstein equation analytically, we also assume perturbative expansions with respect to the coordinate z near the AdS 3 boundary z = 0. Then the perturbative solution to the three dimensional part of the Einstein equation (4.6) with the boundary condition (4.5) can be found to be
where a ab are arbitrary (small) constants. The functions b ab (η) are defined by
where q 1 , q 2 , · · ·, q 5 are arbitrary (small) constants. Finally we can also confirm that these solutions satisfy the constraints (4.1). In this way, we can construct perturbative solutions with several parameters.
Analysis of Explicit Solutions
To find a simplest non-trivial solution we would like to set a xx = a xy = a yy = a yz = q 3 = q 4 = q 5 = 0, (4.10)
with a xz , q 1 and q 2 chosen to be arbitrary.
For large η limit (i.e. AdS boundary limit ξ >> w), they behave as
Relation to Fefferman-Graham Coordinate
We would like to rewrite the metric (4.16) in terms of Fefferman-Graham coordinate so that we can analyze the structure of AdS boundary. For this purpose we perform the coordinate transformation
where
Then we find the metric takes the following Fefferman-Graham form in the new coordinateŵ,ξ (we omit the symbolˆbelow):
Here we defined
where we neglect terms with higher powers of w and ξ than the ones included in the above. Notice that our perturbative solution (4.19) is only valid when ξ and w are small.
We define the three dimensional part of the metric ds 2 (3) from this metric (4.19) as
The metric of the AdS boundary is obtained from ds 2 (3) by taking the limit w → 0
where we employed (4.11).
Now we would like to concentrate on the case where the AdS boundary becomes flat. We find that this corresponds to the case
Indeed, in this case, if we further perform the coordinate transformation 24) we find that the metric at the boundary w = 0 becomes flat:
On the other hand, the boundary Q, which is originally defined by ξ = 0 is now described bỹ
Thus the boundary of the BCFT is now a curved surface.
As we have seen in our construction of perturbative solutions, we encounter expansion in terms of z = w 2 + ξ 2 . Thus the usual Fefferman-Graham coordinate with the w = √ ρ expansion breaks down at the boundary Q i.e. ξ = 0. This was the reason why we could not find solutions with curved BCFT boundaries via the Fefferman-Graham expansion in section 3.5.
Towards Higher Dimensional g-Theorems
In two dimensional CFTs, there is a famous Zamolodchikov's c-theorem [28] , which argues that the central charges in CFTs are decreased under RG-flow. Moreover, we can construct so called cfunction which is monotonically decreasing under the RG-flow and which coincides with the central charges at the fixed points. It is natural to expect something similar in a BCFT 3 i.e. a CFT on a three dimensional manifold M with a boundary ∂M . Here we consider the boundary RG flow, while the three dimensional bulk is kept conformally invariant. We assume that M is given by the three dimensional Euclidean round ball B 3 with radius r B . Its boundary ∂M is a round S 2 with the same radius. See Fig.3 for this setup. This radius r B can be regarded as the length scale under the RG flow. In this setup, the idea of the boundary central charge c bdy was introduced in [5] and there a holographic analysis based on AdS/BCFT showed that this quantity, extended to non-conformal theories in an appropriate way, is a monotonically decreasing function under the RG flow. The boundary central charge (or c-function) c bdy at the length scale r B is defined by We conjecture that in any quantum field theories c bdy (5.1) satisfies the monotonicity property
This can be regarded as a three dimensional version of the g-theorem [6] . An analogue of c-theorem for three dimensional CFTs without boundaries has already been formulated in [29, 30, 31] and is called F-theorem. It is straightforward to generalize (5.3) to much higher dimensions as long as d is odd. By comparing with the c-theorems in higher dimensions [32, 33, 34] , we can conjecture
Below we will give a few supporting evidences of these higher dimensional g-theorems.
Perturbative Confirmation
We consider the case where the BCFT d on the round ball B d for d odd. We perturb this theory by a boundary operator O(x)
where λ 0 is a bare coupling constant. The boundary conformal dimension of O(x) is defined to be ∆ = d − 1 − y and we assume the relevant perturbation which is nearly marginal 0 < y << 1.
The boundary conformal invariance constrains the two and three point function of a boundary operator just as in the standard d − 1 dimensional CFT:
where x, w and z lives on the flat space R d−1 and we need to perform an obvious conformal transformation to obtain the two and three point functions on the S d−1 .
We define the dimensionless coupling by g(µ) = λ(µ) · µ −y , where µ is the energy scale which we identify µ = 1 2r B
. The initial condition is set by g(µ 0 ) = λ 0 µ −y 0 , where µ 0 is the UV cutoff. The β-function for the renormalized coupling g(µ) is given by [32, 30] 
By integrating this we obtain
Now we evaluate the partition function. Using the results in [30] , we finally obtain its perturbative expansion w.r.t λ 0 , employing (5.6) and (5.8):
where we keep only the leading term assuming y is very small.
Up to this order we can find the boundary central charge as follows (remember d is an odd integer)
Finally, by taking the derivative of r B we obtain
Therefore we manage to show the property (5.4) in this perturbation theory.
Notice that in this argument the dynamics of the bulk conformal field theory is not relevant and this proof is essentially reduced to that of the perturbative proof of c-theorem [32] .
An Explicit Example: Massless Scalar Fields in BCFT 3
We would like to evaluate contributions of boundary degrees of freedom to 1 loop partition functions of three dimensional scalar fields, which become exact for free scalar fields. Since we are interested in CFTs in the bulk, we assume that they are massless scalars in three dimension.
In general, the one-loop partition function is expressed as
We assume {φ i } (i = 1, 2, · · ·, n) is a n component bosonic field. ∆ ij is a second order differential operator on M and one can consider the heat kernelK ij (x, y; s) of the operator (we will closely follow [36] )
The logarithm of the partition function in three dimension is given by
where ǫ is UV cut off (lattice spacing). One can asymptotically expand the heat kernel near s = 0
where a i s are heat kernel coefficients and can be written by geometric invariants such as various curvatures of M . The index i denotes number of differentials they contain. By substituting it to the partition function, we obtain log Z BCF T 3 = 2 3
In this way one can manifest the divergent structure of the partition function. When we consider a manifold without boundaries, a j vanish for all odd integers j since all geometric invariants contains even numbers of differentials and thus there are no log term in the partition function in three dimension. It is consistent with the fact that there is no trace anomaly in three dimension. However, in three dimensional field theories with boundaries, a j no longer vanishes for j odd and there is a logarithmically divergent term.
In general, we impose the following boundary condition at ∂M for {φ i } of the form
where Π − is hermitian projection operator of the φ such that Π 2 − = 1 and Π + = 1 − Π − . Notice that the Π − and Π + are the projections into the Dirichlet and (generalized) Neumann boundary conditions, respectively. The differential operator ∆ ij is chosen to be the Laplacian of M for the massless scalars i.e. ∆ ij = −δ ij · g ab ∇ a ∇ b . In this case, the heat kernel coefficient a 3 is given by the following formula as derived in [35, 36] : 18) where the trace is with respect to the index i of φ i ; σ and K αβ are the induced metric and the extrinsic curvature of ∂M in M , respectively; R αn αn are components of curvature tensor in M and n represents the normal direction for ∂M . Now let us calculate the boundary central charges defined in (5.1). For this purpose we assume the metric M is flat and ∂M is a round S 2 with the radius r B . Then the boundary central charge is given by c bdy = 3a 3 . By using the formula (5.18), for the Neumann and the Dirichlet boundary condition 6 , we obtain the following boundary central charges:
Since it is clear that there is a RG flow from the Neumann to the Dirichlet just by adding the mass term at the boundary of the form is consistent with our conjectured property (5.3).
Conclusions and Discussions
In this paper, we studied the logarithmic terms in the partition functions of CFTs with boundaries (BCFTs) by employing both field theoretic and holographic approaches. In even dimensions, the coefficients of the log terms are related to the Weyl anomaly and thus the central charges. In odd dimensions, on the other hand, these coefficients lead to new quantities called boundary central charges c bdy . A previous holographic analysis implies that c bdy are monotonically decreasing functions under the RG flows. This is interpreted as an odd dimensional analogue of the g-theorem 6 The boundary condition (5.17) for non-vanishing S breaks the boundary conformal invariance and cannot be a fixed point of boundary RG flows. Therefore we only consider S = 0 i.e. the (purely) Neumann boundary condition here.
known for two dimensional BCFTs. In this paper, we gave two evidences. One is that we showed this property in a leading order perturbation theory. The other is that we confirmed this in an explicit boundary RG flow for massless scalar fields. These are purely based on the field theoretic calculations. It is certainly desirable to obtain an exact proof of this conjecture as well as various explicit examples.
We also did a related holographic analysis for BCFTs based on the AdS/BCFT formalism. In two dimensions, we gave an explicit holographic construction for an arbitrary shape of boundary and calculated its logarithmic term, confirming its consistency with the Weyl anomaly. We pointed out that we should add a codimension two boundary term in the gravity action, which has been missing so far in AdS/BCFT. This enables us to compute the energy momentum tensor B αβ which is localized at the boundary. It is interesting to note that when a BCFT is defined on a round disk, the bulk energy momentum tensor is vanishing T ij = 0 because the gravity dual is given by a part of AdS 3 . Our result shows that still this is consistent with the Weyl anomaly. The reason why we have T ij = 0 is because we are considering the pure gravity theory where all solutions are locally AdS. Therefore it is a very intriguing future problem to take into account back-reactions by considering a gravity theory coupled to various matter fields such as scalars or gauge fields so that the metric is no longer locally AdS.
We also gave perturbative solutions of gravity duals for the three dimensional BCFTs with any shapes of boundaries. We find that the standard Fefferman-Graham expansion breaks down for generic choices of BCFT boundaries. It is another interesting future direction to explore more on this AdS/BCFT in higher dimensions such as the construction of fully back-reacted solutions and calculations of energy momentum tensors.
A Gibbons-Hawking Term at Non-smooth Boundary
Here we explain the extra boundary term [23] added to the standard Gibbons-Hawking term at a non-smooth boundary. We consider a boundary specified by x = x(y) in a three dimensional flat space ds 2 = dx 2 + dy 2 + dz 2 . Since the effect we are looking at is the one localized at the non-smooth points, this simple example captures all the essential parts. The unit normal vector reads n = (n x , n y , n z ) = 
